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This study provides new important insights concerning pathogen variant-specific reproduction
parameters from molecular sequencing and case finding. The methods for inferring which variants
will likely emerge in subsequent epidemic cycles are solid. This article is of broad interest to infec-
tious disease epidemiology researchers and mathematical modellers of the COVID-19 pandemic.

Abstract Accurately estimating relative transmission rates of SARS-CoV-2 variants remains a
scientific and public health priority. Recent studies have used the sample proportions of different
variants from genetic sequence data to describe variant frequency dynamics and relative transmis-
sion rates, but frequencies alone cannot capture the rich epidemiological behavior of SARS-CoV-2.
Here, we extend methods for inferring the effective reproduction number of an epidemic using
confirmed case data to jointly estimate variant-specific effective reproduction numbers and frequen-
cies of co-circulating variants using cases and sequences across states in the United States from
January 2021 to March 2022. Our method can be used to infer structured relationships between
effective reproduction numbers across time series, allowing us to estimate fixed variant-specific
growth advantages. We use this model to estimate the effective reproduction number of SARS-
CoV-2 variants of concern and variants of interest in the United States, and to estimate consistent
growth advantages of particular variants across different locations.

Introduction

As SARS-CoV-2 evolves, variants may emerge that increase in their ability to transmit and escape
acquired immunity (Tao et al., 2021). Quantifying the observed growth advantages of SARS-CoV-2
variants allows us to better understand biological differences between circulating viruses (Tegally
et al., 2021; Davies et al., 2021). Relating genomic data of SARS-CoV-2 variants to epidemic surveil-
lance data is difficult. Although it is typical to use phylodynamic methods to analyze genetic sequence
data from epidemics, the sheer amount of data, as well as challenges to describing fitness effects
in phylodynamic models, makes these methods hard to apply to potential differences in transmis-
sion rates among circulating variants. In order to deal with the limitations of phylodynamic inference,
previous studies have estimated the growth of variants using observed frequencies in sequenced
SARS-CoV-2 samples (Annavajhala et al., 2021; Faria et al., 2021, Obermeyer et al., 2021; Ito
et al., 2021). Such methods often model the frequency of variants using multinomial logistic regres-
sion (Annavajhala et al., 2021, Obermeyer et al., 2021), which generally assumes that genetic
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variants have a fitness advantage over one another, which is fixed in time and acts as an estimate for
the selective advantage of different variants at the level of frequencies. Although a consistent increase
in frequency of one variant over another is expected to reflect differences in transmission rate, these
models do not directly account for the complicated infection and transmission dynamics, which influ-
ence which variants lead to local and regional epidemics. When dealing with competition between
variants, variants which are declining in frequency can still lead to an increasing number of infections.
Similarly, growth in frequency does not necessarily entail an increase in absolute infections.

To more fully capture epidemiological dynamics, there are methods which describe the growth
in number of infections using confirmed case, hospitalization, or death data to estimate changes in
the effective reproduction number R;, the average number of infections a single infectious individual
generates at a given point in time 7. Although these methods are excellent for describing overall
epidemic growth rates, they cannot capture the evolutionary dynamics and fitness changes between
different variants since they generally assume the population dynamics are described by a singular
R; trajectory (Cori et al., 2013; Abbott et al., 2020), which, internally, is unrelated to the genetic
and phenotypic composition of the population. This is of particular importance in epidemics where a
dominant variant may be declining overall while a minor variant is rapidly increasing in frequency and
absolute prevalence. In such cases, the early rise of the new variant may be masked in aggregated
case counts, delaying the response to an emerging secondary wave. To overcome this, we require
models that partition case counts into contributions from different variants to estimate variant-specific
effective reproduction numbers, in addition to relative growth advantage.

Ongoing SARS-CoV-2 evolution serves as an important example of this phenomenon. After initial
emergence in late 2020, over the course of 2021, variant of concern (VOC) and variant of interest (VOI)
viruses spread throughout the world and replaced existing viral diversity. Multiple WHO-designated
(Konings et al., 2021) VOC and VOl viruses circulated in spring and early summer 2021, but this diver-
sity was largely replaced by Delta variant viruses, which became globally dominant in late summer
2021. Subsequently, Delta variant viruses were rapidly eclipsed by Omicron variant viruses after
Omicron’s emergence in October 2021 (Viana et al., 2022). Although it is now clear that Delta’s
spread was driven by greater transmissibility than other co-circulating variants and Omicron’s rapid
spread was primarily driven by escape from existing population immunity, rigorous estimates of the
relative fitness of circulating variant viruses are of interest. Here, we develop a joint epidemiological
and population genetic model of SARS-CoV-2 to assess the growth of different variants over time and
infer differences in the effective reproduction numbers of SARS-CoV-2 variants, as well as the under-
lying frequency of variants under noisy sampling. We apply this model to sequence data and case
count data from the United States between January 2021 and March 2022 to estimate differences in
transmissibility between circulating VOC and VOl viruses.

Results

We begin by presenting the structure of our models, which are the central contribution of this study.
These models estimate variant-specific effective reproduction numbers using a renewal equation
framework applied to case and sequence data. We then apply these approaches to SARS-CoV-2
variant dynamics in the United States.

Model overview

We implement two models of variant-specific effective reproduction number based on a renewal
equation framework of epidemic spread (see Methods), a fixed growth advantage model, and a time-
varying growth advantage model (growth advantage random walk [GARW]). These models assume
that new infections are determined by two essential parameters: the effective reproduction number,
which determines the average number of secondary infections generated over the course of a primary
infection, and the generation time, which determines the length of infection and relative transmissi-
bility over the course of the infection. In both models, variants generate infections independently of
one another, but the sum of infections across variants is observed through surveillance data like case
counts or hospitalizations. In order to disaggregate infections by variant, we rely on frequency esti-
mates which are informed by counts of sequenced samples using a Dirichlet-multinomial likelihood.
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Figure 1. Fitting the fixed growth advantage model to Washington state data. (a) Posterior expected cases without weekly seasonality in reporting

rate. Gray bars show observed daily case counts, while blue lines represent model inferences with 50%, 80%, and 95% credible intervals. (b) Posterior
expected cases by variant. Each colored line is a different variant with intervals of varying opacity showing 50%, 80%, and 95% credible intervals.

(c) Posterior variant frequency against observed sample frequency. Dots represent observed weekly frequencies in sequence data, and each colored line
is a different variant with shaded Cls. (d) Variant-specific effective reproduction numbers. (e) Posterior growth advantage by variant.

The online version of this article includes the following figure supplement(s) for figure 1:

Figure supplement 1. Fitting the fixed growth advantage model to California data.

Figure supplement 2. Fitting the fixed growth advantage model to Florida data.

Figure supplement 3. Fitting the fixed growth advantage model to Michigan data.

Figure supplement 4. Fitting the fixed growth advantage model to New York state data.

The transmission of each variant is modeled using a deterministic renewal equation, which allows
for realistic delay distributions between infection, transmission, and detection as a case. With this
approach, we need only to determine the initial number of infections and the variant-specific effective
reproduction numbers to estimate the frequency of each variant in the population over time. Due
to this, the differences between the two models are determined in how each parameterizes variant-
specific effective reproduction numbers.

Each variant in the fixed growth advantage model has its own multiplicative growth advantage,
which acts as a scaling to a single non-variant R; trajectory (Figure 1). With this fixed growth advan-
tage model, we parameterize fitness of variants at the level of transmission by inferring variant-specific
effective reproduction numbers. This differs from previous work on variant effective reproduction
numbers, which often parameterizes these differences by assuming logistic growth in frequencies
(Earnest et al., 2021; Véhringer et al., 2021). Though, in general, our method allows one to esti-
mate variant growth in the frequency domain in terms of effective reproduction number differences,
we find that assuming a fixed advantage for variants results in estimates that are qualitatively similar
to the aforementioned models that assume fixed growth advantages in frequency growth. This model
provides the benefit of the inferred parameters being interpretable as scaling the effective reproduc-
tion number.

In cases where a singular fixed growth advantage is insufficient to describe the data, we extend
our model to allow time-varying growth advantages (Figure 2). In the GARW model, we introduce
a variant R; which infers the effective reproduction number of each variant as having a time-varying
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Figure 2. Fitting the growth advantage random walk (GARW) model to Washington state data. (a) When assessing epidemic growth rates, we often
compute a single effective reproduction number trajectory, which is effectively an average over all viruses in the population. We show the posterior
smoothed incidence over time, as well as the average effective reproduction number. Gray bars show observed daily case counts, while black intervals
represent the posterior 50%, 80%, and 95% credible intervals. (b-d) Epidemics are made of different variants, which may differ in fitness. We show the
posterior variant-specific smoothed incidence, (b) as well as the average and variant-specific effective reproduction numbers (c-d). (e-f) Using case
counts alongside sequences of different variants allows us to understand the proportion of different variants in the infected population.

The online version of this article includes the following figure supplement(s) for figure 2:

Figure supplement 1. Fitting the growth advantage random walk (GARW,
GARW,
GARW,
Figure supplement 4. Fitting the growth advantage random walk (GARW,

Figure supplement 2. Fitting the growth advantage random walk

Figure supplement 3. Fitting the growth advantage random walk

(
(
(
(

model to California data.
model to Florida data.
model to Michigan data.

model to New York state data.

growth advantage relative to a base variant to allow for more complex relationships between the
growth rates of different variants over time. Each variant effective reproduction number is param-
eterized using an exponentiated spline basis, so that the log effective reproduction numbers are
described by a linear basis expansion. Therefore, we can use smoothing priors on the coefficients
of these basis expansions to regularize the inferred time-varying growth advantages of each variant.

We demonstrate these models on data from Washington State with results from the fixed growth
advantage model shown in Figure 1, and results from the GARW model are shown in Figure 2.
Further example model output for California, Florida, Michigan, and New York is provided in the
Supplemental Appendix in Figure 1—figure supplements 1-4, Figure 2—figure supplements 1-4.
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Estimating growth advantages in the United States

We estimate the effective reproduction numbers of SARS-CoV-2 VOC and VOI viruses in the United
States using daily confirmed case counts obtained from the US CDC and sequence counts annotated
by variant obtained from the Nextstrain-curated ‘open’ dataset (Hadfield et al., 2018) (see data avail-
ability statement). Each sequence is labeled with a Nextstrain clade (Hadfield et al., 2018), and we
partition clades into variants based on WHO VOC/VOI designation (Konings et al., 2021). Nextstrain
clades annotated in the fashion correspond to a subset of lineages designated by Pango (Rambaut
et al., 2020). We consider the following eight variants that have been flagged as VOIs or VOCs and
that circulated in the United States during 2021 and early 2022: Alpha (Pango lineage B.1.1.7, Next-
strain clade 20l), Beta (lineage B.1.351, clade 20H), Gamma (lineage P.1, clade 20J), Delta (lineage
B.1.617.2, clade 21A), Epsilon (lineage B.1.427/429, clade 21C), lota (lineage B.1.526, clade 21F),
Mu (lineage B.1.621, clade 21H), and Omicron (lineage B.1.1.529, clade 21M). We use a cutoff of
2000 sequences from a particular variant across states to determine the threshold of circulation. This
eliminates Eta, Theta, Kappa, and Lambda from consideration and groups these variants along with
ancestral ‘non-variant’ viruses into a single ‘other’ category. We use a cutoff of 12,000 sequences from
a particular state as the basis for including the state in the dataset. This cutoff left 34 states available
for inference.

In order to inform our estimates of the frequency of genetic variants, we divide sequences from
each state into daily sample counts for each of the eight variants above and a single ‘other’ category.
We then use these counts alongside the daily case counts in each state to estimate the effective repro-
duction number for individual variants using the GARW R; model. We find that overall there appears
to be consistent trends in the effective reproduction numbers of variants across the United States
(Figure 3). We see that early VOCs Alpha and Gamma initially had R; > 1, but saw R; decline below
one across most states in April and May, respectively. Upon arrival in May, Delta shows significantly
higher values of R, that don't decline below 1 until September.

Initial Omicron R; in November and December is significantly greater than earlier variants, but
declines below 1 in late January and early February after driving large epidemics across states.

In order to transform these observed trends to a variant-specific growth advantage, we rely
on our fixed growth advantage model, which infers a fixed variant-specific growth advantage as
a multiplicative scaling of the effective reproduction number. Using the fixed growth advantage
model, we find that most variants identified share some positive growth advantage except for
Epsilon (Figure 4). Further, these growth advantages appear to be consistent between the states
analyzed. These results from the fixed growth advantage model are consistent with a multino-
mial logistic growth analysis (Appendix 1—figure 1). Alpha, Beta, Gamma, and lota show modest
growth advantage over largely ancestral ‘other’ viruses, while Mu and Delta show larger growth
advantages. Mu has previously been associated with increased neutralization resistance to conva-
lescent serum (Uriu et al., 2021), and its advantage of 1.2-1.8 across states may be partially driven
by immune escape, intrinsic transmissibility, and differences in population immunity. Despite this,
Mu’s growth advantage, whether from immune escape or otherwise, was insufficient to outcom-
pete Delta in any of the states analyzed. Delta’s advantage of 1.6-2.0 across states is particularly
significant. Given this large growth advantage was evident in May (Figure 3), Delta’s rapid rise in
frequency and sizable epidemic should have been clear at the time. The significant growth advan-
tage observed in Delta is recapitulated in other studies, including Obermeyer et al., 2021 and
Véhringer et al., 2021. In the case of Omicron, we see significant variability in the growth advan-
tage, which spans 2.0-4.4. This large variability could be motivated by multiple factors, including
state-level variation in population immunity. However, our model estimates variant-specific R; and
relative growth advantages based on epidemiological patterns and does not disentangle these
underlying mechanisms.

To better address the potential for change in variant growth advantage over time, we use our
GARW model on the same dataset to assess how variants increased or decreased in their growth
advantages over time. We see growth advantages that are overall consistent with our fixed growth
advantages, but are clearly able to discern time periods of variable growth advantage (Figure 5). We
observe oscillations in Delta’s growth advantage from June to January. For Omicron, we also observe
a large variability in the time-varying growth advantage, though there appears to be an upward trend
after December.
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Figure 3. Inferred effective reproduction numbers from the growth advantage random walk (GARW) model in 34 states show consistent trends of
variants across states. Each panel shows a series of 34 trajectories, representing Ry through time for this variant across states. Shaded intervals show

50%, 80%, and 95% cre

dible intervals.

Discussion

We find that a model that partitions case count data based on variant frequency in sequence data works
well to describe SARS-CoV-2 variant dynamics in the United States from January 2021 to March 2022.
In each state, spring waves in 2021 were primarily driven by the arrival of Alpha, Beta, Gamma, and
lota variants. However, as these waves subsided, the arrival of Delta with a significantly greater growth
advantage drove a large wave in summer 2021. Omicron’s arrival in November 2021 drove a much
larger wave in January/February 2022 due to significant immune escape of the variant. Importantly, we
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Figure 4. Using the fixed growth advantage model, we infer growth advantages for eight variants in 34 US states. (a) Growth advantages for variants of
concern. Each point is the median growth advantage inferred from a single state. (b) Same as (a) but with state medians visualized by variant.

can directly estimate a variant-specific R;, which, for example, shows that Delta was a growing rapidly
sub-epidemic across states in May, before its impact was noticeable in overall case counts, and that
Omicron’s initial R; was estimated to be between 2 and 3 in December 2021, presaging a substantial
Omicron-driven wave.

This approach enables estimation of variant-specific reproduction numbers, offering a direct view
on transmission dynamics rather than relative frequency changes alone. By modeling variant-specific
R:, this approach characterizes absolute transmission potential of each variant over time in addition
to competitive advantage relative to others. This allows us to interpret variant dynamics in terms of
sustained transmission in a population, which is essential for public health planning and epidemic
response.

Indeed, we have continually updated estimates of spread of Omicron and Omicron sublin-
eages BA.2, BA.2.12.1, BA.4, and BA.5 using this method and shared results in real-time online at
github.com/blab/rt-from-frequency-dynamics. As an example, we estimate the growth advantages
of Omicron sublineages BA.2, BA.2.12.1, BA.4, and BA.5 during their rise in the United States in
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Figure 5. Estimating variant growth advantages in 34 states using the growth advantage random walk (GARW) model. Each panel shows a series of
34 trajectories, representing Ay, through time for variants across states. Histograms show the distribution of the variant's growth advantage over time.

Shaded intervals show 50%, 80%, and 95% credible intervals.

Figure 6. These real-time estimates have served as a basis for reporting to public health, policy-
makers, and the general public.

With this in mind, this work is not without limitations. The underlying transmission model is deter-
ministic and does not account for demographic stochasticity and over-dispersion in transmission, which
has been documented in SARS-CoV-2 transmission (Wong and Collins, 2020). As with all methods
which depend on parameterizations of the generation time, misspecification of the generation time
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Figure 6. Estimating growth advantages of Omicron sublineages relative to BA.1 in 33 US states. (a) Time-varying growth advantages for BA.2,
BA.2.12.1, BA.4, and BA.5 relative to BA.1 using the growth advantage random walk (GARW) model. Histograms denote the distribution of the variant
growth advantages across all times. (b) Fixed growth advantages for Delta and BA.2 relative to BA.1 using fixed growth advantage model. (c) Same as
(b) but with state medians visualized by variant.

can lead to biased estimates of the effective reproduction number or growth advantages (Gostic
et al., 2020). In order to quantify this source of error, we derive an equation relating our inferred
growth advantages, the epidemic growth rates, and the mean and standard deviation of the gener-
ation time distribution. This source of error can be partially combated by converting effective repro-
duction numbers to their corresponding epidemic growth rates under the generation time assumption
(see the Supplemental Appendix). There is also a general need to account for biases in the case
data, which may not faithfully describe the infection dynamics of SARS-CoV-2 due to changes in case
ascertainment rate, as possibly caused by differences in testing intensity, infection severity, among
other reasons. However, we suspect that case ascertainment remained largely consistent from January
to approximately December 2021, even if it declined with the advent of widespread circulation of
Omicron.

We do not explicitly model additional introductions of variants outside a fixed seeding period,
which can play an important role in variants establishing themselves in different geographies at low
infection counts and could bias our estimates of the effective reproduction number if not properly
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accounted for (Cori et al., 2013; Miiller et al., 2021). However, we expect once local transmission is
predominant that estimated R; will reflect characteristics intrinsic to the variant in the local geography.
Using hierarchical models of variants to jointly estimate growth advantages and pool estimates across
locations could be a useful approach for analyzing consistency between growth advantages of variants
geographically and beginning to combat the issue of multiple introduction events. That said, fully
combating this issue would likely involve incorporating demographic stochasticity into the model at
the level of transmission and likely reduce the speed of inference and scalability, and limit the available
inference options.

Although there are several ways to improve these methods and expand their applicability, our
current model does have utility as a way of assessing early claims of variant advantages and is able to
show there is evidence of consistent variant advantages shared between different geographies. Addi-
tional work is needed to attribute these inferred advantages to biological mechanisms like immune
escape and transmissibility (Tao et al., 2021). Modeling the effect of changes in other factors such as
contact patterns or nonpharmaceutical interventions can be done with the current formulation of the
model by including quantities of interest as features in the R; model as in Sharma et al., 2021.

In general, the development of methods which can account for fitness differences between genetic
variants is much needed in order for proper epidemic preparedness. Our method provides one way of
analyzing the growth rates of SARS-CoV-2 variants without directly parameterizing how variants grow
in terms of frequency by instead focusing on differences in the effective reproduction number. In cases
where the assumption of a fixed growth advantage is warranted and justified, our fixed growth advan-
tage model provides a way of quantifying variant growth advantages at the level of transmission,
which allow for various delays between infection, transmission, and sampling. When a fixed growth
advantage is unjustified, our GARW model can be used to infer trends in variant growth advantages
over time. Currently, our GARW model can be used to assess claims of growth advantages of variants
and their sublineages.

This method can be extended further to analyze the role of specific constituent mutations defining
a variant or lineage in changing the effective reproduction number of specific variants directly, similar
to the model formulation of Obermeyer et al., 2021. With this in mind, our method potentially has
use for evolutionary forecasting of variants for SARS-CoV-2 as we inform the frequency dynamics of
co-circulating variants by describing their population-level transmission dynamics (Abousamra et al.,
2024). Extending the model further toward this aim will likely require methods for quantifying various
sources of population immunity, as well as escape potential for circulating and emerging SARS-CoV-2
variants as a way to explain these growth advantages and their underlying mechanisms using data.
With these issues in mind, surveillance of variants should be folded into standard epidemiological
surveillance as knowledge of variant-specific growth advantages will be useful for forecasting growth
of cases, hospitalization, deaths, vaccine effectiveness, among other key metrics related to epidemic
response.

Further, as case surveillance for COVID-19 has decreased in reliability after 2022, we note that this
method is still applicable using other proxies for infection incidence such as hospitalization data or
wastewater testing. However, even in the absence of these forms of data, our approach highlights the
distinction between relative fitness of viral variants and their overall transmission rates, allowing us to
attribute changes in incidence to selection and variant turnover.

Methods

Using sampled counts of sequences from different variants, as well as case data, we can jointly infer
the proportion of variants in the larger population and the effective reproduction number of these
variants.

Modeling the infection process

We estimate the effective reproduction number of competing variants using a deterministic renewal
equation-based framework. These equations arise as the expectation of a Bellman-Harris branching
process (Bellman and Harris, 1948), which is a type of branching process in which offspring genera-
tion depends on the age of infection.
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The renewal equation framework allows one to model infection processes in a way that is mathe-
matically equivalent to standard epidemic models like the SEIR compartment model (Champredon
et al., 2018), but in a way that can be more suitable for estimating the effective reproduction number
and forecasting using arbitrary generation times. This renewal equation can be written as

t
I(n = Rt/ I(T)g—~dr, (1
0

where g is the generation time. In addition, we also include the onset distribution o for symptoms,
which allows us to compute the prevalence, or the number of active infections, as

t
P(t)=/ I(T)oi—rdT. (2)
0

We bin the generation time g and the onset distribution o to the nearest day, so that we estimate
the daily incidence I(¢) and prevalence P(¢) as

I(H) = Ry Z I(T)g1—~ (3)
T<t
P() =) IT)or—r. 4

T<t

We parameterize all variants excluding Delta and Omicron as having generation time g as having
a Gamma distribution with mean 5.2 and standard deviation 1.2 in line with the estimates of Ganyani
et al., 2020. Due to observed shorter serial intervals for Delta and Omicron, we instead use a mean
generation time of 3.6 for Delta and a mean of 3.2 for Omicron (Backer et al., 2022; Ryu et al.,
2022; Song et al., 2022). For all variants, we parameterize the onset time o as having a LogNormal
distribution with mean 6.8 and standard deviation 2.0 in line with Cheng et al., 2021. We note that
the choice of generation time can have strong effects on the inferred effective reproduction number
and growth advantage under the renewal equation model. The effect of generation time choice is
quantifiable, as shown in Appendix 1—figures 2 and 4 and the Supplemental Appendix (see Relating
epidemic growth rates to relative effective reproduction numbers). Converting the posterior effective
reproduction numbers to epidemic growth rates may be more robust to changes in generation time,
as can be seen in Appendix 1—figure 3.

This method of using delays to represent lags between infection and observation can be extended
to use multiple delays to better fit other data sources such as hospitalization or deaths.

Modeling variant frequencies

In the case of V variants co-circulating in a population, we denote the incidence of variant v at time ¢
as I,(r) and prevalence as P, (?). In this case, we can compute the frequency of variant v in the popula-
tion at time ¢ under the infection process outlined above as

Py()

H@ = 721§vgvpv(t)~ (5)

Since we've defined the frequency in terms of the transmission dynamics, the variant-specific effec-
tive reproduction numbers Ry, and initial infections 1,(0) determine the frequency dynamics directly.
Therefore, we do not need to impose a parametric form on f,(7) directly as in other models of variant
frequency.

Observation process for cases

As most case time series in the United States and elsewhere exhibit day-of-the-week biases, we esti-
mate a reporting rate that varies by day of the week, so that p = (p1, ..., p7), asin Abbott et al., 2020.
We then define the observation likelihood using a negative binomial distribution as follows:

Y, ~ NegBinom(piP(1), o), ©)

where [f] =t mod 7+ 1, a is an over-dispersion parameter relative to the Poisson distribution and
NegBinom(u, o) is the negative binomial distribution with mean p and variance p + ap?. In the case
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of multiple variants, we use P(t) =3, .,<yPv(®). The negative binomial likelihood is often used
for modeling observation noise for count data such as epidemic time series, which are often over-
dispersed relative to a Poisson distribution. In order to account for zero-counts due to a lack of obser-
vations, we also include zero-inflation on the case counts.

Observation process for variant annotations

Suppose we're tracking the growth of V variants, our data for a given day t takes the form of daily
counts Cr = (Cyy,...,Cyy) of sequences of each variant with daily total Ny =",y Cr.v. We then
assume that the likelihood of observing these counts of each variant is described by a Dirichlet-
multinomial distribution, so that

. . . 1-—
C¢ ~ DirMultinomial <N,, [ - (%)) s (7)
given variant frequencies f(t) = (fi(®), . . ., fy(1)) and over-dispersion parameter 0 < £ < 1. Here, we use
a Dirichlet-multinomial distribution to account for possible over-dispersion in the counts relative to the
standard multinomial distribution.

Basis expansions of log effective reproduction numbers
Instead of inferring R; directly, we parameterize the log effective reproduction number using a basis of
cubic splines. Each basis spline is written as a column in the design matrix X, so that

In Rl = Xﬁ? (8)

where the f are to be estimated to parameterize the effective reproduction number. We then use
locally adaptive smoothing of order 1 with a Laplace prior on the coefficients 8 to promote smooth-
ness on the inferred R; trajectory (Faulkner and Minin, 2018). This method also allows one to use
other predictors such as vaccination proportion, intervention indicators, temperature, humidity, etc.

Modeling variant-specific effective reproduction numbers
To model the variant-specific reproduction numbers, we can infer individual independent effective
reproduction number trajectories for each variant

InR,, = X03,, 9

where each variant v gets its own vector of parameters 3, in this model. We use the same prior struc-
ture as above to promote smoothness on inferred trajectories.

Modeling variant-specific growth advantages
In order to use our model to infer growth advantages for specific variants, we can instead parame-
terize the effective reproduction numbers as

InR;, = XB + 6y, (10)

where the parameters f are shared between all variants and 4, is the log-scale variant-specific growth
advantage of variant v. We consider A, = exp(d,) to be the variant-specific growth advantage, which
can be seen in Figure 4. This model is referred to as the 'fixed growth advantage model’ throughout
the paper.

Estimating time-varying growth advantages
In reality, the growth advantage of a variant may vary in time due to factors like cross-immunity
between variants, overall immune escape, etc. This can additionally occur under variant generation
time misspecification (Park et al., 2021).

To combat these issues, we extend our model to allow for time-varying growth advantages. We
consider a GARW model in which the time-varying variant growth advantage ;,, relative to a chosen
‘base’ variant is modeled as a spline whose coefficients 3, have a Laplace random walk prior

In R pase = XBrase
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6t,v = X/Bv
InRyy = InR; pyse + 1.

This model is referred to as the GARW model throughout the paper and can be seen in Figure 2.

Estimating an average effective reproduction number for an epidemic
Given variant-specific effective reproduction numbers R;, and the frequency of variants in the popu-
lation f,(r), we define the average effective reproduction number to be

R?Ve = Z R[’va(t), (1 1)

1<v<V

which is the sum of the variant-specific effective reproduction numbers weighted by their frequency.
This quantity can be seen in Figure 2.

Priors for Bayesian inference

For both models, we provide a Laplace random walk prior on the spline coefficients g with scale param-
eter y which itself has a HalfNormal(0,0.1) prior distribution. In the fixed growth advantage model, only
a baseline R, trajectory is parameterized by f and the variant advantages 4, are given a Normal(0,1)
prior. For the GARW model, the variant growth advantage spline coefficients are modeled with a
Laplace random walk with scale parameter vs, which has HalfNormal(0,0.01) prior distribution. The
initial infected individuals for each variant have a uniform prior between 0 and 300,000. The weekly
reporting rates pp; each follow a Beta(5, 5) prior, and the case observation over-dispersion is given a
HalfNormal(0, 0.05) prior on al. Finally, the over-dispersion parameter ¢ is given a Beta(1, 99) prior to
penalize high levels of over-dispersion in sequencing.

Inference
The model is implemented in NumPyro (Phan et al., 2019) in Python, and approximate Bayesian infer-
ence was conducted using stochastic variational inference (Hoffman et al., 2013) using the ADAM
optimizer (Kingma and Ba, 2017) with a learning rate of 0.01. For the analyses presented, all models
are fit using a full-rank Gaussian variational distribution/multivariate normal autoguide as implemented
in NumPyro (Phan et al., 2019), which approximates the posterior (with appropriate constraints on
the individual parameter spaces) as a multivariate normal distribution.

Models for each individual state in the US variant dataset were fit for 60,000 iterations and 3000
posterior samples were produced under both the fixed growth advantage model and the GARW
model.
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Appendix 1

Relationship to multinomial logistic regression

Other papers have tried to infer growth advantages of variants from sequence data alone, we
show that the multinomial logistic regression model typically used in these analyses is roughly
equivalent to our fixed growth advantage model, but that inferring relative effective reproduction
numbers between variants using multinomial logistic regression requires additional restrictions on
the generation time. Multinomial logistic regression typically models the probability of a given
observation belonging to class v at time ¢ as

Py exp(Bvt)

H@) = Zlguévpu exp(ﬂut).

(12)

For our purpose, we can assume this probability is equivalent to the true frequency of variant v in
the population and in this case, py is considered to be related to the prevalence of variant v in the
population at # = 0 and 3, can be considered to be the growth advantage relative to a pivot class us,
which has g, = 0. In order to see the connection between the above model and ours, we return to
the original renewal equation of the form

t
1) = Rt/o 11 — 7)g(7). (13)

Assuming that g is a point mass at a mean generation time T,, we have that

I(nTy) = (H R,Tg> 1(0). (14)

i=1

Assuming that there are several variants following these same dynamics, we have that the
frequency of a given variant v can be written as

I, (nTy)
HTy) = = —. 15
2 1<u<y lu(nTy) (15)
If we assume a constant growth advantage as in our model, we then have that R;, = AR, so that

AVL(0)

O S ey SR e

Writing A, = exp(dy) and 7 = nTy allows us to see that

hOexp(oD
) = g

Oou (17)
Zl<u<vlu(0)eXP(T, 1)
- 8

By fixing one pivot class so that I,, =1 and 6,,/T, =0, we can identify our model with the
multinomial logistic regression by relating the parameters as

oy = BTy (18)
L,(0) = py. (19)

This shows that the multinomial logistic regression functions similarly to our fixed growth
advantage model except with the additional assumption that the generation time is a point mass
at T,. This assumption additionally allows us to relate the epidemic growth rate r and the effective
reproduction number as R = exp(rTy) (Wallinga and Lipsitch, 2007). Therefore, by further assuming
that the variant infections are exponentially growing with rates r,, we can then identify 8, = r, — ry
This means that the relative effective reproduction number for any two variants can be written as

o

Figgins and Bedford. eLife 2025;14:RP104802. DOI: https://doi.org/10.7554/eLife.104802 17 of 21


https://doi.org/10.7554/eLife.104802

e Llfe Research article

Epidemiology and Global Health | Microbiology and Infectious Disease

Riy
In <7 = (Bv — Bu)Tg.
Riu

(@)
© 9
o
s
s
g4
S
<
£
=3
°
S
(O]

82
3 @
E
o . A = > 4
Alpha Beta Delta Epsilon Gamma lota Mu Omicron

(b)

5 ° . .
o ° ’ .
4 . . . . . L . . e . . .
< . . . . . .
3 .
<3 . .
<
2
) . . .
(5 o o cﬂccﬂc ° °°Duu o ° e o ° -c

. « 2 8 R S, [ [ N N 8 o

1 5’5!55g55§gg5§é555§u9855 oassggag;

] o o °
3

T O ®Os T Vo>V LETE BT OMEOTT S QNLESE T C
Cs 28388822 LG S80S 5262 CEEo385E2E5Es
Q2EBS=c 5 c888822390L2XYFT5Ps5IF 855 £5 £ 2
-ECOBOQO='-EEE."’_CQ>‘”><D® Q e 03w 9 90 ED2D2s5
SS=E2 0L 0=E2¢C 2 cl25=z24 S5, 8 2F 355 9
<fgectoc Eg8§5L8EsSZ 80 299320 E >G5 2
80 ¢ ¥ =82 =& Z2 =z > S8 0o T B =

8 a =2 2g<g O c 9 £ fF = 8

£
8 Z 9 e 3 =
= z o5}

Appendix 1—figure 1. Estimating variant growth advantages in various states using multinomial logistic
regression model assuming generation time Ty = 5.2. (a) Growth advantages visualized by state. (b) Same as
(a) but grouped by variant.

Relating epidemic growth rates to relative effective reproduction
numbers
An important relationship of interest is between the epidemic growth rate of an epidemic and its
effective reproduction number. In the case of our analysis, we are particularly interested in the effect
of generation time assumptions on estimated variant-specific effective reproduction numbers. First,
notice that the effective reproduction number and the epidemic growth rate of an epidemic are
related by

_ 1 _ 1

h Jo* exp(—rr)g(r)dr T Mg(—1)

according to the Lotka-Euler equation (Wallinga and Lipsitch, 2007), where r is the epidemic growth
rate and M, is the moment-generating function of the generation time g.
This allows us to write the relative reproduction number of two variants v and u as a function of
their epidemic growth rates, so that
h _ Mg(—ru)
Riu B Mg(_rv).

B
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We'll consider three common generation time assumptions. First, we consider the case where
the generation time is a point mass at Ty. In which case, Mg(—r) = exp(—rT) and we recover the
relationship

R:y = exp(ryTy).

In this case, the relative effective reproduction number will depend on only the difference
between the epidemic growth rates and, therefore, is commonly used when converting estimated
growth advantages to relative reproduction numbers in the case of logistic growth models.

Second, we consider the case where the generation time is an exponential distribution with mean
Tg. This assumption is often implicit and common in models of infectious diseases such as ODEs and
their stochastic variants. Using the corresponding moment-generating function, we see that

Riy=1+nT;

Next, we consider the Gamma-distributed generation times with mean T, and standard
deviation s. This is often used in models of infectious diseases via the chain trick in which multiple
compartments are chained together to obtain non-exponential generation times or infectious
periods. Re-parameterizing the Gamma distribution in terms of its mean and standard deviation and
using its moment generating function, we have that

sz T;/s2
R = <1 +n <T>> |

From this equation, we can see that increases in the mean of the generation time of v lead
to decreasing estimates of Ry, during epidemic decline (r, < 0) and increased estimates during
epidemic growth (r, > 0) assuming r, and s are fixed. Additionally, increases in the standard deviation
will generally lead to lower inferred variant advantages. This effect is also visualized in Appendix 1—
figure 3.

Variant growth advantages are sensitive to generation time

In the case where we have two variants u,v with Gamma-distributed generation times with means
Ty, Ty and standard deviations s, sv, respectively, we can then write the relative effective reproduction
number of v over u as

Riu o\ 78
Ttr 22
u Tu

It follows that increases in the mean of the generation time of v lead to decreasing inferred variant
advantages during epidemic decline and increased advantages during epidemic growth when all
quantities are fixed. On the other hand, increases in the standard deviation will generally lead to
lower inferred variant advantages.

Taking a logarithm, we can also evaluate the sensitivity of our inferred growth advantages from
our fixed growth advantage model with respect to the generation time assuming it is Gamma-
distributed as

R

2
1+nr (S)
72 T,
6y =1In (Rt’v) = <g> In . \'E/

As the log of the relative effective reproduction number, the behavior here is analogous to that
discussed above when the mean T, and standard deviation s are changed. This effects of varying
mean and standard deviation are illustrated in Appendix 1—figure 4. Although the effective
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reproduction number and the growth advantage appear to have strong dependence on generation
time parameters, we find that the epidemic growth rate r is more robust to changes in generation
time (see Appendix 1—figure 3).

The cases of exponential and Gamma-distributed generation times highlight that for non-
deterministic generation times there is no guarantee that the relative effective reproduction number
depends on only the difference in epidemic growth rates. In fact, these estimates based on the
deterministic generation times correspond to the case in which the standard deviation shrinks to
zero, they are likely overestimates of variant advantages given the observed variation in the serial
interval of SARS-CoV-2 infections.

Fixed growth advantages become time-varying under generation time
misspecification

We'll now consider the case where there is a true fixed variant growth advantage. Suppose for a
two-variant system that § is the constant (log) growth advantage of the variant virus over the wild-
type under the variant generation time gr, so that § = In (Rf}/Rf},). Here, subscripts denote the
generation time used when computing R;.

Under the misspecified variant generation time gy, we can then write the inferred growth

advantage as
RgM RgM
oy =In o) =In| &) +6.
" (Ri;, RS,

In general, the term inside the log is non-constant meaning that fixed variant growth advantages
under one generation time become non-constant under generation time specification.
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Appendix 1—figure 2. Sensitivity of effective reproduction number to changes in generation time. (a) We vary
the mean of Omicron generation time keeping a constant standard deviation 1.2 and plot against effective
reproduction number estimates for Omicron in Washington state on February 1, 2022, using our growth advantage
random walk (GARW) model. (b) The same as (a), but we instead vary the standard deviation of Omicron
generation time keeping a constant mean 3.1.
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Appendix 1—figure 3. Sensitivity of epidemic growth rates to changes in generation time. (a) We vary the mean
of Omicron generation time keeping a constant standard deviation 1.2 and plot against exponential growth

rates for Omicron in Washington state on February 1, 2022, using our growth advantage random walk (GARW)
model and assuming a Gamma-distributed generation time. (b) The same as (a), but we instead vary the standard
deviation of Omicron generation time keeping a constant mean 3.1.
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Appendix 1—figure 4. Sensitivity of growth advantages to changes in generation time. (a) We vary the mean of
Omicron generation time keeping a constant standard deviation 1.2 and plot against exponential growth rates for
Delta in Washington state on July 1, 2021, using our fixed growth model. (b) The same as (a), but we instead vary
the standard deviation of Omicron generation time keeping a constant mean 3.2.

Figgins and Bedford. eLife 2025;14:RP104802. DOI: https://doi.org/10.7554/eLife.104802 21 of 21


https://doi.org/10.7554/eLife.104802

	Inferring variant-­specific effective reproduction numbers from combined case and sequencing data
	eLife Assessment
	Introduction
	Results
	Model overview
	Estimating growth advantages in the United States

	Discussion
	Methods
	Modeling the infection process
	Modeling variant frequencies
	Observation process for cases
	Observation process for variant annotations
	Basis expansions of log effective reproduction numbers
	Modeling variant-specific effective reproduction numbers
	Modeling variant-specific growth advantages
	Estimating time-varying growth advantages
	Estimating an average effective reproduction number for an epidemic
	Priors for Bayesian inference
	Inference

	Acknowledgements
	Additional information
	﻿Funding
	Author contributions
	Author ORCIDs
	Peer review material

	Additional files
	Supplementary files

	References
	Appendix 1
	Relationship to multinomial logistic regression
	Relating epidemic growth rates to relative effective reproduction numbers
	Variant growth advantages are sensitive to generation time
	Fixed growth advantages become time-varying under generation time misspecification



